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Abstract: We continue our study of the Lorentz breaking string theories. These theories
are defined as string theory with modified Hamiltonian constraint which breaks the Lorentz
symmetry of target space-time. We analyze properties of this theory in the target space-
time that possesses isometry along one direction. We also derive the T-duality rules for
Lorentz breaking string theories and show that they are the same as that of Buscher’s
T-duality for the relativistic strings.
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1. Introduction and Summary
The recent proposal of Horˇava [1, 2, 3] for a candidate theory of gravity that is symmetric
under the Lifshitz type of anisotropy scaling of space-time coordinates t→ lzt, xi → lxi,
where z being the scaling exponent, has been a very interesting area of research since the
last year 1. This theory is constructed as a UV completion of Hilbert-Einstein gravity
so that it is perturbatively renormalizable. This modification is possible only when we
sacrifice Lorentz symmetry at high energy. However it is again observable at low energy.
Among various versions of Horˇava-Lifshitz theories, only the class of projectable theories
where the so called lapse function depends only on time, is the consistent choice. It is often,
as in the present case, interesting to study theories with broken general covariance. The so
called Lorentz symmetry breaking Hamiltonian formalism has been used to study the point
particles and strings in Horˇava gravity. The basic idea of this Lorentz breaking Hamiltonian
formalism is that time and spatial components of momenta are treated differently. Indeed
in [51] the construction of a new string theory, called Lorentz-breaking string theory (LBS)
has been studied extensively by generalizing the point particle dynamics [52, 56, 57, 58,
59, 60] in Horˇava-Lifshitz gravity. The basic idea of the construction of the LBS theory is
following. We start with the Hamiltonian formulation of two dimensional theory when the
Hamiltonian is linear combination of two constraints: the spatial diffeomorphism constraint
and Hamiltonian constraint. As opposite to the Hamiltonian formulation of Polyakov string
we consider the Hamiltonian constraint that breaks the Lorentz invariance of the target
space-time in the similar way as in the point particle case [52, 56, 57, 58, 59, 60]. However as
opposite to the point particle case now the world-sheet modes depend on spatial coordinate
of world-sheet theory so that it is possible to define many LBS theories that reduce to the
point particle Hamiltonian constraint [52, 56, 57, 58, 59, 60] in case of the world-sheet
dimensional reduction. In doing so, the consistency of the LBS theory demands that the
spatial component of the world-sheet metric has to be dynamical. As a by product, the
1Some aspects of Horˇava-Lifshitz theory has been discussed in for example [4]- [50]
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world-sheet theory is no more invariant under full two dimensional diffeomorphism but only
under the world-sheet foliation preserving transformation. Furthermore, the consistency
of the Hamiltonian dynamics of LBS theory implies that the world-sheet lapse has to obey
the projectability condition consistent with the of Horˇava-Lifshitz gravity. On the other
hand it is natural to demand that the Hamiltonian constraint of LBS theory reduces to
the Hamiltonian constraint of the relativistic string in the case when the target Horˇava-
Lifshitz gravity reduces to General Relativity in low energy regime. This requirement now
implies that we should consider LBS theory where the world-sheet mode x0 depends on the
world-sheet spatial coordinate σ as well which is more general situation than was consider
in the paper [51]. Then we will be able to show that the Hamiltonian constraint reduces
to the Hamiltonian constraint for the relativistic string in the limit which has been used to
recover General Theory of Relativity from Horˇava gravity. However at this place we should
stress one important point that makes the construction of LBS theory as intricate as the
construction of Horˇava-Lifshitz gravity. Explicitly, we argue in [51] that the consistency
of the Hamiltonian formulation of LBS theory forces us to consider the world-sheet lapse
function that depends on the world-sheet time coordinate τ only. As a result the LBS
theory reduces to the Polyakov action when however the lapse function does not depend
on the world-sheet spatial coordinate. In other words LBS theory does not reduce to the
Polyakov string in the IR limit of target Horˇava-Lifshitz gravity.
Despite of this fact, we feel that it is interesting to study LBS theory further as a toy
model of the theory with broken Lorentz invariance that is more general then the corre-
sponding point particle action. We discussed the symmetries of the action and have shown
that the action is invariant under the target space foliation preserving diffeomorphism and
under world-sheet foliation preserving diffeomorphism [51]. We further derive the T-duality
rules for LBS string and show that they are same as that of Buscher’s T-duality for the
relativistic strings[53, 54, 55]. It would be interesting to study other extended objects like
D-branes in LBS theory. In particular it will be desired to look for D-brane action in
Horˇava-Lifshitz background and examine their fate by using the T-duality transformation.
The rest of the paper is organized as follows. In section-2, we generalize the construc-
tion of LBS theory of [51] to include other auxiliary fields and more general world sheet
modes. In section-3, we present the symmetries of the LBS theory action and show they
are invariant under the target space foliation preserving diffeomorphism transformation.
Finally, section-4 is devoted to the study of T-duality transformation of the LBS theory.
2. Review of LBS Theory
In this section we review and slightly generalize the construction of LBS theory given in
[51] where more details of motivation for this construction can be found. As in [51] we
begin with the following Hamiltonian formulation of LBS
H =
∫
Σ
dσH(σ) , H(σ) = nτ (τ)Hτ (σ) + nσ(σ)Hσ(σ) +
+ λτ (τ)π
τ (τ) + λσ(σ)π
σ(σ) + vA(σ)PA(σ) + vB(σ)PB(σ) ,
(2.1)
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where
Hτ = −πα′ 1√
ωN2
(p0 −N ipi)2 +
√
ωG
(
− 1
4πα′ω
N2∂σx
0∂σx
0
)
+
+ B
(
πα′
1
ω
pih
ijpj +
(z − 1)
2
√
ω
πωω2πω+
+
1
4πα′
1
ω
(∂σx
i +N i∂σx
0)hij(∂σx
j +N j∂σx
0)−A
)
+
√
ωF (A) ,
Hσ = pM∂σxM − 2ω∇σπσ ,
(2.2)
where xM ,M,N = 0, . . . ,D are world-sheet modes that parameterize the embedding of
the string into target space-timeM with general metric gMN and where pM are conjugate
momenta with following non-zero Poisson brackets{
xM (σ), pN (σ
′)
}
= δMN δ(σ − σ′) . (2.3)
Further, we introduced two dimensional metric γµν in 1 + 1 formalism
γαβ =
(
−n2τ + 1ωn2σ nσ
nσ ω
)
, (2.4)
where nτ is a world-sheet lapse, nσ is a world-sheet shift, n
σ ≡ nσ
ω
and ω is a spatial part
of world-sheet metric and where πτ , πσ and πω are corresponding conjugate momenta with
following non-zero Poisson brackets
{nτ , πτ} = 1 ,
{
nσ(σ), π
σ(σ′)
}
= δ(σ − σ′) , {ω(σ), πω(σ′)} = δ(σ − σ′) . (2.5)
We further defined world-sheet covariant derivative
∇σnσ = ∂σnσ − Γnσ , ∇σπω = ∂σπω + Γπω , Γ = 1
2ω
∂σω . (2.6)
We consider target space-time M labeled with coordinates t = x0,x = (x1, . . . , xD) with
the metric in 1 + 1 form
g00 = −N2 +NihijNj , g0i = Ni , gij = hij , det g = −N2 deth (2.7)
with inverse
g00 = − 1
N2
, g0i =
N i
N
, gij = hij − N
iN j
N2
. (2.8)
Note that the dynamics of target space metric gMN is governed by Horˇava-Lifshitz gravity
action. Further, A,B and corresponding conjugate momenta PA, PB are auxiliary modes
with Poisson brackets{
A(σ), PA(σ
′)
}
= δ(σ − σ′) , {B(σ), PB(σ′)} = δ(σ − σ′) . (2.9)
Finally λτ , λσ, vA, vB are Lagrange multipliers that ensure that π
τ ≈ 0 , πσ(σ) ≈ 0 , PA(σ) ≈
0 , PB(σ) ≈ 0 are primary constraints of the theory. Note that following arguments given
– 3 –
in [51] we presume that nτ depends on τ only. Then the requirement of the preservation
of the primary constraints implies following secondary ones
∂τπτ = {πτ ,H} = −
∫
dσHτ ≈ 0 ,
∂τπ
σ = {πσ,H} = − 1
ω
Hσ ≈ 0 ,
∂τPA = {PA,H} = B −
√
ωF ′(A) ≡ GA ≈ 0 ,
∂τPB = {PB ,H} = −
(
πα′
1
ω
pih
ijpj +
(z − 1)
2
√
ω
πωω2πω+
+
1
4πα′
1
ω
(∂σx
i +N i∂σx
0)hij(∂σx
j +N j∂σx
0)−A
)
≡ GB ≈ 0 .
(2.10)
It is easy to show that the secondary constraints GA ≈ 0, GB ≈ 0 together with the
primary ones PA ≈ 0, PB ≈ 0 form the collection of the second class constraints. Solving
the system of the second class constraints (PA, PB , GA, GB) we express A,B as functions of
the canonical variables xM , pM and we find non-linear form of the Hamiltonian constraint.
This procedure was extensively studied in [51] so that we skip all details and recommend
an interesting reader to look at this reference.
As opposite to the case of the Hamiltonian formulation of the relativistic string we see
that the Hamiltonian constraint (2.2) contains kinetic term for πω. Arguments why there
is non-trivial dynamics the spatial part of the metric ω were given in [51] and we briefly
recapitulate here. Let us imagine for the time being that πω is a primary constraint of
the theory. However we see from (2.1) that the Hamiltonian constraint depends on ω in
non-trivial way. Then if πω ≈ 0 were be the primary constraint of the theory we would find
overconstrained theory due to the requirement of the consistency of this constraint with
the time evolution of the system. Then in order to avoid imposing additional constraint
on the system we demand that ω is a dynamical mode with kinetic term in the action.
We see that the Hamiltonian constraint (2.2) is characterized by the presence of two
functions F and G. As in [52, 56, 57, 58, 59, 60] we presume that F (A) has the form
F (A) = A+
∑z
n=2 λnA
n with z being the critical exponent of the Horˇava-Lifshitz gravity.
It is believed that in the IR limit the Horˇava-Lifshitz gravity reduces to the ordinary
General Relativity when z = 1. Let us now study properties of the Hamiltonian constraint
(2.2) in this limit. Firstly we see that the kinetic term for the spatial part of the metric
vanishes for z → 1. Since we consider more general case than in [51] when x0 depends
on σ we mean that it is natural to add into (2.2) the term G(− 1
4piα′ω2
N2∂σx
0∂σx
0). We
assume that G(A) = A+
∑z
n=2 ωnA
n where ωn are constants. Then it is easy to see that
in the limit z → 1 we have F (A) → 1 , G(A) → 1 and hence we find that for z → 1 the
Hamiltonian constraint given in (2.2) takes the following form
Hτ = −πα′ 1√
ωN2
(p0 −N ipi)2 − 1
4πα′
√
ω
N2∂σx
0∂σx
0 +
+ B
(
πα′
1
ω
pih
ijpj +
1
4πα′
1
ω
(∂σx
i +N i∂σx
0)hij(∂σx
j +N j∂σx
0)−A
)
+
√
ωA .
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(2.11)
Solving now the second class constraints PA, PB , GA, GB is equivalent to the integration
out A and B from (2.11) and we find that the Hamiltonian constraint (2.11) reduces to
Hτ = −πα′ 1√
ωN2
(p0 −N ipi)2 + πα′ 1√
ω
pih
ijpj −
− 1
4πα′
√
ω
N2∂σx
0∂σx
0 +
1
4πα′
1√
ω
(∂σx
i +N i∂σx
0)hij(∂σx
j +N j∂σx
0) =
= −πα′ 1√
ω
pNg
MNpN − 1
4πα′
√
ω
∂σx
MgMN∂σx
N .
(2.12)
This is clearly the Hamiltonian constraint of the Polyakov action. We see that the LBS
action reduces to the Polyakov in the IR limit of target space-time. However we should
stress the crucial point in the formulation of LBS theory that is the same way resembles the
same problem as in the formulation of the Horˇava-Lifshitz gravity. Explicitly, we argued
in [51] that LBS theory is well defined only when the lapse function n depends on τ only
i.e. n = n(τ). However then we see that in the IR limit of the Horˇava-Lifshitz gravity the
LBS theory reduces to the Polyakov action where γ00 = −nτ depends on τ only and hence
the full diffeomorphism invariance is not restored.
The next step is to find Lagrangian corresponding to Hamiltonian (2.1). To do this
we determine the time derivatives of xM , A,B, ω
∂τx
0 =
{
x0,H
}
= − 2πα
′
N2
√
ω
(p0 −N ipi)nτ + nσ∂σx0 ,
∂τx
i =
2πα′
N2
√
ω
N i(p0 −N ipi)nτ + 2πα′B 1
ω
hijpjnτ + n
σ∂σx
i ,
∂τA = {A,H} = vA , ∂τB = {B,H} = vB ,
∂τω = {ω,H} = nτ B(z − 1)ω
2
√
ω
πω + 2∇σnσ .
(2.13)
It is convenient to introduce following object
Kσ =
1
nτ
(∂τω − 2∇σnσ) .
(2.14)
Then it is simple task to find corresponding Lagrangian
L = pM∂τxM + ∂τApA + ∂τBpB + ∂τωπω −H =
= −
√
ω
4πα′
1
nτ
(∂τx
0 − nσ∂σx0)2 − nτ
√
ωG
(
− 1
2πα′ω
N2∂σx
0∂σx
0
)
+
+ ωnτ
1
B
(
1
4πα′
1
n2τ
(V iτ − nσV iσ)hij(V jτ − nσV jσ ) +
1
2(z − 1)Kσ
1
ω2
Kσ
)
−
− Bnτ
(
1
2πα′ω
V iσhijV
j
σ −A
)
−√ωnτF (A) ,
(2.15)
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where
V iτ = ∂τx
i +N i∂τx
0 , V iσ = ∂σx
i +N i∂σx
0 . (2.16)
Observe that this theory is well defined in case when z → 1 on condition that Kσ = 0
which is in agreement with our requirement that this theory reduces to Polyakov action in
this limit with exception that γ00 depends on τ only.
Finally we integrate out A and B from (2.15). The equation of motion for A implies
B −√ωF ′(A) = 0 (2.17)
while the equation of motion for B implies
− ω
B2
(
1
4πα′n2τ
(V iτ − nσV iσ)hij(V jτ − nσV jσ ) +
1
2(z − 1)Kσ
1
ω2
Kσ
)
−
−
(
1
2πα′ω
V iσhijV
j
σ −A
)
= 0 .
(2.18)
Inserting (2.17) into (2.18) we find the equation for A in the form
− 1
F ′2(A)
(
1
4πα′n2τ
(V iτ − nσV iσ)hij(V jτ − nσV jσ ) +
1
2(z − 1)Kσ
1
ω2
Kσ
)
−
−
(
1
2πα′
V iσhijV
j
σ −A
)
= 0
(2.19)
that in principle allows as to find A as
A = Ψ
(
1
4πα′n2τ
(V iτ − nσV iσ)hij(V jτ − nσV jσ ) +
1
2(z − 1)Kσ
1
ω2
Kσ,
1
2πα′ω
V iσhijV
j
σ
)
.
(2.20)
Collecting all these results together we find the Lagrangian density in the form
L = √ωnτ
[
− 1
4πα′
1
n2τ
(∂τx
0 − nσ∂σx0)2 −G
(
− 1
2πα′ω
N2∂σx
0∂σx
0
)
−
− F ′(Ψ)
(
1
2πα′ω
V iσhijV
j
σ −A
)
− 2F (Ψ)
]
.
(2.21)
This it the final form of the Lorentz breaking string theory Lagrangian. In the next
section we study invariance of the action S =
∫
dτdσL under local and global world-sheet
symmetries.
3. Symmetries of the LBS Action
We start with the global transformations from the point of view of the string world-sheet
theory. These transformations correspond to the foliation preserving diffeomorphism of the
– 6 –
target space-time [1, 2]
x′0(τ, σ) = x0(τ, σ) + f(x0(τ, σ)) ,
x′i(τ, σ) = xi(τ, σ) + ζ i(τ, σ) ,
(3.1)
where f(x0), ζ i(x0,x) are infinitesimal parameters. Note that under these transformations
the metric component transform as
N ′i(x
′0,x′) = Ni(x
0,x)−Ni(x0,x)f˙(x0)−Nj(x0,x)∂iζj(x0,x)− gij(x0,x)ζ˙j(t,x) ,
N ′i(x′0,x′) = N i(x0,x) +N j(x0,x)∂jζ
i(x0,x)−N i(x0,x)f˙ − ζ˙ i(x0,x) ,
N ′(x′0) = N(x0)−N(x0)f˙(x0)
(3.2)
and
g′ij(x
′0,x′) = gij(x
0,x)− gil(x0,x)∂jζ l(x0,x)− ∂iζk(x0,x)gkj(x0,x) ,
g′ij(x′0,x′) = gij(x0,x) + ∂nζ
i(x0,x)gnj(x0,x) + gin(x0,x)∂nζ
j(x0,x) .
(3.3)
Then it is easy to see that V iα transform under (3.1) as
V ′iτ (τ, σ) = V
i
τ (τ, σ) + ∂jξ
i(τ, σ)V jτ (τ, σ) .
V ′iσ (τ, σ) = V
i
σ(τ, σ) + ∂jξ
i(τ, σ)V jσ (τ, σ) .
(3.4)
Performing the same analysis as in [51] we find that the Lagrangian density (2.21) is
invariant under target-space foliation preserving diffeomorphism (3.1).
As the next step we check the invariance of the action under world-sheet foliation
preserving diffeomorphism that we define as the world-sheet transformation
τ ′ = τ + f(τ) , σ′ = σ + ǫ(τ, σ) . (3.5)
where f, ǫ are infinitesimal parameters. In the same way as in [2] we find that the world-
sheet metric components transform under (3.5) as
n′σ(τ
′, σ′) = nσ(τ, σ)− nσ(τ, σ)∂σǫ(τ, σ)− ∂τf(τ)nσ(τ, σ) − ∂τ ǫ(τ, σ)ω(τ, σ) ,
n′τ (τ
′, σ′) = nτ (τ, σ)− nτ (τ, σ)∂τ f(τ) ,
ω′(τ ′, σ′) = ω(τ, σ) − 2∂σǫ(τ, σ)ω(τ, σ) ,
n′σ(τ ′, σ′) = nσ(τ, σ) + nσ(τ, σ)∂σǫ(τ, σ)− nσ(τ, σ)∂τf(τ)− ∂τ ǫ(τ, σ) .
(3.6)
Then it is easy to see that
dτ ′dσ′n′τ
√
ω′ = dτdσnτ
√
ω .
(3.7)
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Note that Γ transforms under the world-sheet foliation preserving diffeomorphism (3.5) as
Γ′(τ ′, σ′) = Γ(τ, σ)− Γ(τ, σ)∂σǫ(τ, σ) − ∂2σǫ(τ, σ) .
(3.8)
Then after some algebra we find that Kσ transforms as
K ′σ(τ
′, σ′) = Kσ(τ, σ) − 2Kσ(τ, σ)∂σǫ(τ, σ) .
(3.9)
Clearly, the world-sheet modes xM are scalars under (3.5)
x′M (τ ′, σ′) = xM(τ, σ) . (3.10)
Collecting all these results together and performing the same analysis as in [51] we can
show that the Lagrangian density (2.21) is invariant under world-sheet foliation preserving
diffeomorphism (3.5).
4. T-duality for LBS theory
In this section we analyze properties of LBS theory under T-duality transformations. In
other words we would like to see whether this theory shares the same properties as ordinary
string theory action. For further purposes we again write the Lagrangian density for LBS
theory
L = −
√
ω
4πα′
1
nτ
(∂τx
0 − nσ∂σx0)2 − nτ
√
ωG
(
− 1
2πα′ω
N2∂σx
0∂σx
0
)
+
+ ωnτ
1
B
(
1
4πα′
1
n2τ
(V iτ − nσV iσ)hij(V jτ − nσV jσ ) +
1
2(z − 1)Kσ
1
ω2
Kσ
)
−
− Bnτ
(
1
2πα′ω
V iσhijV
j
σ −A
)
−√ωnτF (A) ,
(4.1)
where
V iτ = ∂τx
i +N i∂τx
0 , V iσ = ∂σx
i +N i∂σx
0 . (4.2)
Let us now presume that that the background possesses isometry along φ direction where
we performed the splitting of the target space coordinates xi = (xα, φ), α, β = 1, . . . ,D−1.
The fact that there is an isometry of the background along φ direction implies that the
action is invariant under the shift
φ′(τ, σ) = φ(τ, σ) + ǫ , (4.3)
where ǫ = const. The invariance of the action implies an existence of the conserved current
J α = δS
δ∂αφ
, ∂αJ α = 0 . (4.4)
– 8 –
explicitly, we find
Jτ = ω
2πα′nτB
hφi(V
i
τ − nσV iσ) ,
Jσ = − nσ
2πα′nτB
hφi(V
i
τ − nσV iσ)−B
nτ
πα′ω
hφiV
i
σ .
(4.5)
Let us now try to implement the T-duality rules as in standard bosonic theory. We gauge
the shift symmetry so that ǫ → ǫ(τ, σ). Then in order to ensure the invariance of the
Lagrangian (4.1) we have to introduce the gauge field aα and replace
∂αφ→ Dαφ = ∂αφ+ aα . (4.6)
Note that under aα transforms for non-constant ǫ as
a′α(τ, σ) = aα(τ, σ) − ∂αǫ(τ, σ) . (4.7)
Then it is easy to see that
(Dαφ)
′ = Dαφ . (4.8)
In the same way we perform the replacement
V φτ = ∂τφ+N
φ∂τx
0 → Dτφ+Nφ∂τx0 ≡ V˜ φτ ,
V φσ = ∂σφ+N
φ∂σx
0 → Dσφ+Nφ∂σx0 ≡ V˜ φσ .
(4.9)
However we have to also check that terms containing aα are invariant under world-sheet
foliation preserving diffeomorphism (3.5). To do this we presume that aα transform under
world-sheet foliation preserving diffeomorphism (3.5) as
a′τ (τ
′, σ′) = aτ (τ, σ) − aτ (τ, σ)f˙(τ)− aσ(τ, σ)∂τ ξ(τ, σ) ,
a′σ(τ
′, σ′) = aσ(τ, σ)− aσ(τ, σ)∂σξ(τ, σ) .
(4.10)
Then it is easy to see that the covariant derivatives transform as
D′τφ(τ
′, σ′) = Dτφ(τ, σ) −Dτφ(τ, σ)f˙ (τ)−Dσφ(τ, σ)∂τ ξ(τ, σ) ,
D′σφ(τ
′, σ′) = Dσφ(τ, σ)−Dσφ(τ, σ)∂σξ(τ, σ) .
(4.11)
As the next step we introduce fαβ defined as
fτσ = ∂τaσ − ∂σaτ (4.12)
that transform under foliation preserving diffeomorphism as
f ′τσ(τ
′, σ′) = fτσ(τ, σ)− fτσ(τ, σ)f˙ (τ)− fτσ(τ, σ)∂σξ(τ, σ) .
(4.13)
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Then it is easy to see that dτdσfαβ is invariant under (3.5). Collecting all these terms
together we find following Lagrangian density invariant under the foliation preserving dif-
feomorphism (3.5)
L˜ = −
√
ωnτ
4πα′
1
n2τ
(∂τx
0 − nσ∂σx0)2 − nτ
√
ωG
(
− 1
2πα′ω
N2∂σx
0∂σx
0
)
+
+ ωnτ
1
B
[
1
4πα′n2τ
(V˜ φτ − nσV˜ φσ )hφφ(V φτ − nσV φσ ) +
2
4πα′n2τ
(V˜ φτ − nσV˜ φσ )hφα(V ατ − nσV ασ )+
+
1
4πα′n2τ
(V ατ − nσV ασ )hαβ(V βτ − nσV βσ ) +
1
2(z − 1)Kσ
1
ω2
Kσ
]
−
− Bnτ
(
1
2πα′ω
[
V˜ φσ hφφV˜
φ
σ + 2V˜
φ
σ hφjV
j
σ + V
α
σ hαβV
β
σ
]
−A
)
−√ωnτF (A) + φ˜fτσ ,
(4.14)
where φ˜ is the Lagrange multiplier that ensures that aα is non-dynamical field. Note that
φ˜ transforms as scalar under (3.5). The gauge invariance of the Lagrangian density (4.14)
can be fixed by imposing the condition φ = 0 that implies
Dτφ = aτ , Dσφ = aσ . (4.15)
Inserting (4.15) into (4.14) we obtain
L = −
√
ω
4πα′
1
nτ
(∂τx
0 − nσ∂σx0)2 − nτ
√
ωG
(
− 1
2πα′ω
N2∂σx
0∂σx
0
)
+
+
ωnτ
B
[
1
4πα′n2τ
(Vˆ φτ − nσVˆ φσ )hφφ(Vˆ φτ − nσVˆ φσ ) + 2(Vˆ φτ − nσVˆ φσ )hφα(V ατ − nσV ασ )+
+
1
4πα′n2τ
(V ατ − nσV ασ )hαβ(V βτ − nσV βσ ) +
1
2(z − 1)Kσ
1
ω2
Kσ
]
−
− Bnτ
(
1
2πα′ω
[Vˆ φσ hφφVˆ
φ
σ + 2Vˆ
φ
σ hφαV
α
σ + V
α
σ hαβV
β
σ ]−A
)
−√ωnτF (A) + φ˜fτσ ,
(4.16)
where
Vˆ φτ = aτ +N
φ∂τx
0 , Vˆ φσ = aσ +N
φ∂τx
0 . (4.17)
Now it ie easy to see that the equation of motion for φ˜ implies
fτσ = 0 (4.18)
that can be solved as
aτ = ∂τθ , aσ = ∂σθ . (4.19)
Inserting this result into (4.16) we recovery the original Lagrangian density after replace-
ment θ → φ. However the equations of motion for aα that follow from (4.16) take more
complicated form
ω
2πα′Bnτ
hφφ(Vˆ
φ
τ − nσVˆ φσ ) +
ω
2πα′Bnτ
hφα(Vˆ
α
τ − nσVˆ ασ ) + ∂σφ˜ = 0 ,
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− ωn
σ
2πα′Bnτ
hφφ(Vˆ
φ
τ − nσVˆ φσ )−
ωnσ
2πα′Bnτ
hφα(Vˆ
α − nσVˆ ασ )−
− Bnτ
πα′ω
(hφφVˆ
φ
σ + hφαV
α
σ )− ∂τ φ˜ = 0 .
(4.20)
Solving these equations for aα we find
aσ = − πα
′ω
hφφBnτ
(∂τ φ˜− nσ∂σφ˜)− 1
hφφ
(hφφN
φ∂σx
0 + hφαV
α
σ ) ,
aτ = − nσπα
′
Bhφφnτ
(∂τ φ˜− nσ∂σφ˜)− 2πα
′B
ωhφφ
nτ∂σφ˜−Nφ∂τx0 − hφα
hφα
V ατ .
(4.21)
Inserting these results into the Lagrangian density (4.16) we obtain the Lagrangian density
for T-dual theory
L = −
√
ωnτ
4πα′
1
n2τ
(∂τx
0 − nσ∂σx0)2 − nτ
√
ωG
(
− 1
2πα′ω2
N2∂σx
0∂σx
0
)
+
+
ωnτ
B
[
1
4πα′n2τ
(Viτ − nσViσ)h˜ij(Vjτ − nσVjσ) +
1
2(z − 1)Kσ
1
ω2
Kσ
]
−
− Bnτ
(
1
2πα′ω
ViσhˆijV
j
σ −A
)
−√ωnτF (A) +
+
1√
2πα′
Nφ(∂σx
0∂τ φ˜− ∂τx0∂σφ˜) + 1√
2πα′
hφα
hφφ
(Vασ∂τ φ˜−Vατ ∂σφ˜) ,
(4.22)
where
Vφα = ∂αφ˜+ Nˆ
φ∂αx
0 , Vαα = ∂αx
α + Nˆα∂αx
0 .
(4.23)
Note that T-dual lapse, shift and metric components take the form
hˆαβ = hαβ −
hαφhφβ
hφφ
, hˆφα = 0 ,
Nˆ = N , Nˆφ = 0 , Nˆα = Nα .
(4.24)
Note that T-dual metric written in D + 1 formalism takes the form
gˆ00 = −Nˆ2 + NˆihˆijNˆj , gˆ0i = Nˆi , gˆij = hˆij , (4.25)
with inverse
gˆ00 = − 1
Nˆ2
, gˆ0i =
Nˆ i
Nˆ
, gˆij = hˆij − Nˆ
iNˆ j
Nˆ2
. (4.26)
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From (4.24) we see that in T-dual theory gˆφ0 = gˆφα = 0 and also
hˆφφ =
1
hˆφφ
, hˆφα = 0 . (4.27)
Then with the help of (4.24) we find
gˆ00 = −Nˆ2 + Nˆαhˆαβhˆβ + NˆφhˆφφNˆφ = g00 −
g0φgφ0
gφφ
.
(4.28)
Finally we consider the last term in (4.22)
1√
2πα′
Nφ(∂σx
0∂τ φ˜− ∂τx0∂σφ˜) + hφα√
2πα′hφφ
(V ασ ∂τ φ˜− V ατ ∂σφ˜) =
= − 1√
2πα′
Nφ
hφφ
(∂τx
0∂σφ˜− ∂σx0∂τ φ˜)− hφα√
2πα′hφφ
(∂τx
α∂σφ˜− ∂σxασ∂τ φ˜) =
=
1√
2πα′
bˆ0φ(∂τx
0∂σφ˜− ∂σx0∂τ φ˜) + 1√
2πα′
bˆαφ(∂τx
α∂σφ˜− ∂σxασ∂τ φ˜) ,
(4.29)
where
bˆ0φ = −
Nφ
hφφ
= − g0φ
gφφ
, bˆαφ = −
hφα
hφφ
= −gφα
gφφ
. (4.30)
We see that the relations between original and T-dual background fields given in (4.24),(4.28)
and (4.30) exactly coincide with the standard Buscher’s rules [53, 54, 55] between original
and T-dual metric components (see also [61, 62])
gˆφφ =
1
gφφ
, gˆφ0 =
bφ0
gφφ
, gˆφα =
bφα
gφφ
,
gˆ00 = g00 −
g0φgφ0
g00
, hˆαβ = gαβ −
gαφgφβ
gφφ
,
bˆφ0 =
gφ0
gφφ
, bˆ0φ = −
gφ0
gφφ
, bˆφα =
gφα
gφφ
, bˆαφ = −
gαφ
gφφ
.
(4.31)
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